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Objective: To investigate competitive interactions between zidovudine-sensitive and
resistant strains of HIV within the context of host—parasite population dynamic
interactions between CD4+ cells and HIV.

Design: A mathematical model of the population dynamics of CO4+ cells, sensitive

Methods: The model is analysed numerically and analytically and model predictions are
compared with previously published data on population dynamics of HIV and CD4+
cells in patients receiving zidovudine. A threshold result describing the critical dose
of zidovudine above which resistant HIV will out-compete sensitive HIV is derived, as
are expressions describing the critical effective doses for the eradication of sensitive
and resistant strains. Numerical simulations of the dynamics of the shift from the
pre-treatment, equilibrium to the treatment equilibrium are presented and an analytic
expression appraximating the time taken until virus growth restarts is derived.

Results: It is shown that competition between strains of virus is the important factor

determining which type of virus will eventually start to grow during the course of
zidovudine treatment, but host—parasite interactions are the important determinant

of when viral resurgence occurs.

Conclusions: Although resistant strains are observed after prolonged treatment with
zidovudine, this model suggests that it is the growing supply of uninfected CD4+ cells
which causes the eventual upsurge in viral burden.
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Introduction

Zidovudine is the only drug currently in widespread
use for the antiretroviral treatment of HIV-infected in-
dividuals [1,2). 1t is assumed that it acts by blocking
reverse transcription (3], thus preventing the infection
of new cells. Zidovudine works very well in the short-
term, with patients experiencing a rise in CD4+ cell
count and a fall in the amount of circulating virus,
as well as improvements in immune responses and
weight gain [24]. The success of the drug in pre-
venting short-term morality led to the early termina-
tion of the placebo-controlled clinical trial on ethical
grounds [2]. However, these improvements are short-
lived, and after about 6 months of treatment CD4 +
cell counts begin to fall again, whilst viral titres begin
to rise [5-11].

The question of why the benefits of zidovudine
are shortlived is of great interest. The isolation of

zidovudine-resistant strains of HIV from patients who
have been on zidovudine therapy for more than 6
months provides part of the answer [12,13], and it has
been suggested that it simply takes 6 months for such
resistance to develop. An alternative hypothesis is that
population dynamic interactions between CD4+ cells
and HIV are responsible for the observed delay in the
resurgence of virus. In an earlier paper (4] we showed
that patterns of viral abundance observed during the
first 6 months of treatment with zidovudine could be
the result of non-linearities in the interactions between
HIV and CD4 + cells. In that study we assumed that all
strains of HIV were equally sensitive to zidovudine.

Our aim here is to present a model of interactions be-
ween CD4+ cells and two types of HIV, zidovudine-
sensitive and zidovudine-resistant. This model allows
us to investigate two quite different types of interac-
tion. On the one hand, competition between differ-
ent strains of HIV, and how the balance of that com-
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petitton is altered by treatment with zidovudine can
be studied; on the other host—parasite interactions be-
tween CD4+ cells and HIV. The model mimics ob-
served behaviour in that it shows a period of very
low viral burden with increasing CD4+ c¢ell count,
followed by a resurgence of virus and downtum in
CD4+ count. We are able to show that competition
between strains is the imporant factor determining
what type of virus recurs (drug-sensitive or drug-resis-
tant), whilst host—parasite population dynamic interac-
tons are the important determinant of when that re-
currence takes place. We are also able to explain the
observed dichotomy in time to emergence of resis-
tant strains between patients with AIDS-related com-
plex (ARC) and those with AIDS, as well as that be-
tween patients on high and low doses of zidovudine,
We begin with a review of the relevant data in this
field. There follows a presentation of the model and
a discussion of its parameters. Results are divided inio
two parts, dealing first with competition between virus
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strains and then with host-parasite interactions be.
tween CD4 + cells and HIV. We end with a discussioy,
of the relevance of our results.

Data review

We review two types of data: (1) time-series showing
population dynamics of CD4+ cells and HIV in the
months after initiation of zidovudine treatment; and
(2) studies of differences in outcome between AlDS
and ARC patients and between patients on high and
low doses of zidovudine. Figure 1 reviews the available
population dynamics data. These data are highly vari.
able, consistent with the observed variability between
individuals in many aspects of HIV infection. Despite
great variability it is possible to detect overall pattems
in the data. CD4 + cell counts rise and then fall, whilst
p24 antigen first falls and then rises.
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Fig. 1. Review of time-series data on CD4 + counts (a and b) and HIV p24 antigenaemia (¢ and d) during the first months of zidovudine

therapy. Despite great variability it is possible to detect overall patterns in the data. CD4 + counts rise then fall, whilst p24 antigen falls

and then rises. (a) and (c) are data averaged across individuals whilst (b) and (d) show data from individuals. Data types and sources are

as follows: (a} Data are percentage change in mean CD4+ count (X, (Jand +) or change in median CD4+ count (X and *). Data '

are from: X and O, [9); +, [5} %, [17. (b) Data are frorm (10. (¢} Data are percentage change in mean p24 antigen level (X, O, and +!

::;dchan%e] in median CD4+ count (x). Data are from: & and (J, 9] +, (5} %, (11, B and *, 6l. (d) Data are from: X, (17 OJ, 110}
x, [71
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pata on the genetic make-up of the recurring virus are
currently rather sparse. Boucher et af [10] found that,
after 2 years of treatment, 16 out of 17 compliant pa-
gents had a viral burden that was mostly mutant at
residue 215 of reverse transcriptase (2 mutation that
confers reduced sensitivity to zidovudine). However,
at 6 months the mutation was detected in virus from
only seven of the 17 individuals. Another study of mu-
wtions at the same site in the genome [15] investigated

revalence of mutant strains within the same individ-
ual. The study showed that, after 19 months of treat-
ment, about 75% of strains had the resistance-bearing
mutation at residue 215, whereas no clone had had it
prior to treatment.

In Figure 2 the rate of emergence of resistant virus in
patients on high and low doses of zidovudine, and in
AIDS patients versus ARC patients are compared. This
demonstrates that the proportion of viral isolates of
the resistant type grows faster in AIDS patients and in
patients on higher doses of zidovudine [10].
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¥ig. 2. Dichotomies in the rate of detection of zidovudine-resis-
nt strains of HIV. (a), zidovudine-resistant strains of HIV may
evolve more rapidly in patients on high doses than in patients
on low doses; (b), zidovudine-resistant strains of HIV may evolve
Maore ra£idly in AIDS patients than in AIDS-related complex pa-
tients. [, sensitive; M, mixed; M, resistant. Data are from (181,

Model

The model counts three populatons: uninfected
CD4+ cells (X), CD4 + cells infected with virus sensi-
tive to zidovudine (Lg) and CD4+ cells infected with
virus partly resistant to zidovudine {(Zg). Uninfected
CD4+ cells migrate from the thymus at constant rate
A and have per capita death rate p. The non-lineacdties
in the model lie in the infection rate, where it is as-
surned that new infections arise at a rate proportional
to the product of the number of uninfected cells and
the number of infected cells. These assumptions give
an equation for uninfected ceil dynamics as follows:

X = A—puX—XBs Ls + Pg Lp)

Where Bs and By are the infectivity parameters of sen-
sitive and resistant virus.

In the absence of zidovudine, sensitive strains are as-
sumed to have a fitness advantage over resistant, thus
Bs > Bg. This assumption is supported by the obser-
vation that untreated patients always have mosty sen-
sitive strains, whilst resistant strains appear in large
quantities only after some time of treatment, We as-
sume that there are errors in replication, so that a
proportion Q of infections are faithful (producing
progeny of the parent type) whilst the remainder re-
sult in mutation to the opposite type. Many mutations
will be lethal, but the size of the infectivity parameters,
Bs and By, take this into account. With infected cells
removed (because they are killed by the virus or by
immune responses) at per capita rate o equations for
infected cells are:

Ls = Box+ (1- Q) BalpX—als
L8 = (1- QPsLsX+ QBrlpX—alp

We model treatment with zidovudine by reducing the
infectvity parameters, Bs and Bg, reflecting the as-
sumption that zidovudine acts by blocking new infec-
tions. For a dose of zidovudine that blocks 80% of new
infections by sensitive virus, we reduce Bg to 20% of its
present value. This was done by introducing a param-
eter z, which represents the effective dose of zidovu-
dine. The value taken by 2 ranges from O (representing
no treatmenc) to 1 (representing complete blocking of
all reverse transcription in sensitive strains). z is there-
fore the probability that a new infection with a sensi-
tive strain will be blocked. The reladonship between
z, the effective dose, and the actual dose administered
is presumably a saturation function, rising linearly at
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very low doses and levelling off at high doses. To in-
clude treatment we multiply 5 by (1-2), and, assuming
that resistant virus is less affected by zidovudine than
sensitive, we multiply Bg by (1-pz) where p is the rel-
ative efficacy of zidovudine at blocking new infections
with resistant virus. pz is therefore the probability that
a new Infection with resistant strain will be blocked.
A dose of zidovudine that blocks 90% of new infec-
tions with sensitive virus and 30% of new infections
with resistant virus is modelled by setting 2 = 0.9 and
p = one-third.

A schematic diagram of this model is presented in Fig.
3 and a summary of parameters, parameter value and
interpretations in Table 1.

INFECTED UNINFECTED  INFECTED
WITH WITH
SENSITVE ~ RESISTANT
STRAIN .~ T STRAIN
S s a-Q -
;) S
&Ls ﬁnLn _.3
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Fig. 3. Schematic representation of the model. Uninfected CD4 +
cells () immigrate from the bone marrow at rate A and if they
remain uninfected have average lifespan /. They become in-
fected at per capita rate proportional to the amount of sensitive
virus (Lg) and resistant virus () present, with constants of propor-
tionality Bs and By, respectively. A fraction of Q of infections give
rise to progeny of the parent type whilst the remainder mutate
to the opposite type. Infected cells have average lifespan 1/a.

Results

The behaviour of this mode! is best understood by
separately considering the two issues of competition
between the strains of virus and host-parasite interac-
tions between infected and uninfected cells. This di-
vision neatly coincides with separate consideration of
the long-term, equilibrium behaviour of the mode] and
lts shorter-term, dynamic behaviour.

Competition between virus strains is best considered
in terms of reproductive fitness, which can be char-
acterized by a single parameter, the basic reproduc-
tive rate. For sensitive strains, this is defined as the
number of new cells infected with sensitive virus that
would arise as a direct result of introducing one cell
infected with sensitive virus into an uninfected person
if that person already had an immune response to HIV.

(Thus, density dependent effects would be absent, by;
the death rate of infected cells, a, would be the same
as in a person with a fully developed anti-HIV immuge
response.) Prior to infection, there are A/ uninfected
cells, and a cell infected with sensitive virus will infec
Bs of them per unit ime. A fraction Q of those infec.
tions will give rise to new cells infected with sensitive
virus. Finally, an infected cell is cleared after time 1/q.
Puting these together yields:

R, = ABsO

pa

In the same way the basic reproductive rate for resis.
@ant virus is:

— ABgQ
Rr = Tiq

In the absence of any treatment we assumed that
the fitness advaniage lies with sensitive strains, so
Rys > Rop, sensitive virus out-competes resistant and
the resistant strains are only maintained by muta-
tion. However, zidovudine has more effect on sensitive
strains than it does on resistant strains, so treatment
acts to shift the batance of competition in favour of
resistant strains, This biological assumption appears in
the model through the way in which the basic repro-
ductive rates are altered by treatment. Under an effec-
tive dose of zidovudine z the basic reproductive rate
for sensitive strain becomes (1-2)Ryg and the basic re-
productive rate for resistant strain becomes (1-p2)Rop
Thus, although Rjs > Rgp in the absence of treatment,
there is an effective dose above which resistant strains
gain the selective advantage and the roles are reversed,
resistant strains out-compete sensitive, and sensitive
strains are only maintained by mutation. We designate
the level of treatment at which this cross-over occurs
z*. Clearly z* satisfies the following:

(1-2*)Res = (1-pz*)Rog

The crossover from dominance of sensitive strains at
effective doses below 2* to dominance of resistant
strains above 2* is very sharp. The sharpness of the
transition depends on the value of Q, that is, the pro-
portion of viral offspring that are faithful copies of the
parent. This is illustrated in Fig. 4, and a description of
how the equilibrium population levels are calculated is
given in the legend,

A simple relationship between the size of the basic
reproductive rate for sensitive strains and the CD4+
count in an untreated individual provides a useful
method for estimating the size of Rye It is trivial ©
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Table 1.
parameter  Blological meaning Value Interpretation of value
U
A immigration rate of CD4+ cells 2 x 108 The total CD4+ count of an uninfected individual is 5 X 109,
from the bone marrow i.e, 1000 cells/p!
¥ Death rate of uninfected CD4+ cells 0.04 Uninfected cells live for about 6m
[ Infectivity parameter for sensitive strains 7.2 % 10”®  Given other parameter values this choice of Bg represents the
the assumption that AIDS patients have a CD4+ count of 100 cells/pl
By infectivity parameter for resistant strains 24 %X 1078 In the absence of zidovudine, resistant strains have one-third of
the reproductive potential of sensitive strains
Q Probability that a new infection is of the 0.9995 The probability of mutating in either direction between sensitive
same type as the infecting strain and resistant strains is 7 in 2000
a Death rate of an infected cell 7192 {ARQ)  In ARC patients an infected cell survives for about 2.5 h on average,
35.96 (AIDS) and in AIDS patients an infected cell survives twice as long
b3 Effective dose; i.e, proportion of new infections 01 An effective dose of O represents no blocking of new infections
with sensitive strain that are blocked by a and an effective dose of 1 represents complete blocking of all
given dose of Tidovudine new infections
p Effect of zidovudine on resistant strains relative  0.33 2Zidovudine blocks one-third as many new infections with resitant

to its effect on sensitive strains

strains as it does with sensitive strains

ARC, ADS-related complex; m, months; A, rate per week; u and @, rates per cell per week; Bs and By, rates per cell per cell per week; Q, 2 and p,

probabilities.

show that in an uninfected individual the size of the
CD4+ cell population (let us call it X,,) is given by
X, = A/p, whilst in an infected but untreated individ-
ual the equilibrium size of the uninfected cell popu-
laton (let us call it X*) is given by X* ~a/Bs. From
inspection it is casily seen that

fys =

The significance of this relationship is that it allows
us 1o estimate the magnitude of Ry at different stages
of disease. An individual with a CD4+ count of 100
cells/ul has about one-tenth as many CD4+ ceils as
an uninfected individual, 50 Ry is approximately equal
to 10 at that stage of disease. This result is analogous
to the result in theoretical epidemiology that the basic
reproductive rate for an infectious disease is equal to
the reciprocal of the proportion of the population that
are susceptible to that infection [16].

The size of the basic reproductve rates provides in-
formation about the effective dose at which strains can
be eradicated. If the basic reproductive rate for either
Sirain is <1, that strain would be eradicated in the
absence of the other, and is only maintained by mu-
tation, If both reproductive rates are <1, HIV is erad-
icated and the infection is cured. So there are a fur-
ther two treatment levels that are of interest: the two
critical treatment levels for eradication of sensitive and
resistant virus. These are signified by 2. and zqp re-
spectively, and satisfy the following:

1
s = 1 - —
Ros

ZcR T p[l -

These wo quantities are direct equivalents of the crit-
cal vaccination proportion for the eradication of an in-
fectious disease [16]. There are two possibilities for
the relative sizes of the three special treatnent lev-
els. Either 2* < 2y < 2 OF 2 < Z¢s < 2°. Which of
these pertains depends on the degree of resistance
to zidovudine achieved by the resistant strains. This
degree of resistance is measured by parameter p, the
effect of a given dose of zidovudine upon resistant
strains, relative to the effect of the same dose upon
sensitive strains. It is easily shown that there is a criti-
cal value of p

P _ Fos(Fon — 1)
Ror(Rps — 1)

For values of p below this threshold 2* < zgy < 2cg
and above it zgy < zgg < 2% This has the intuitively
sensible interpretation that if the resistant strains are
‘very resistant’ (p small) then they will achieve a com-
petitive advantage over sensitive strains before either
is eradicated, whilst if resistant strains are ‘not very re-
sistant’ (p close to 1) it should be possible to eradicate
both strains at levels of treatment below those at which
resistant virus is favoured. These notions are illustrated
in Figs 52 and ¢, whilst Figs 5b and d show the pre-
dicted equilibrium virus population sizes for given ba-
sic reproductive rates and effective drug doses.

These considerations of the sizes of Ryg and Ryp and
the effective dose =z help us to understand how drug
treatment can shift the balance of competition be-
tween the wo strains of virus and so determine which
strains are dominant in the treatment equilibrium. In
order to understand the dynamics of the shift from the
pre-treatment (o the treatment equillbrium we must
consider host—parasite interactions between CD4+
cells and HIV. We use two methods to study popula-
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Fig. 4. Equilibriurn population sizes of sensitive and resistant virus
strains at different effective doses of zidovudine. Parameter values
are as given in Table 1, with o = 35.96. Sensitive strains predomi-
nate at low doses of zidovudine and resistant strains at high doses
of zidovudine, and the crossover at z* is sharp. (With this set of

rameters ' = 0.75) The degree of sharpness of the crossover
13 determined by the magnitude of the mutation rate (1-Q). The
larger the mutation rate, the smoother the crossover population
sizes for three different values of Q are shown: (a) Q = 0.9995, 1
in 2000 progeny are mutants; (b) Q = 0.995, 1in 200 progeny are
mutants; (c) Q = 0.95, 1 in 20 progeny are mutants. Equilibrium
population sizes are found by finding A, the largest eigenvalue of

the matrix
o= Qﬁ! (] - Q)ﬂR
(1-Q)8s QBr

and setting the equilibrium size of the uninfected CD4+ cell
population equal X* = /o Equilibrium infected cell populations
L and L' are set to be the elements of the eigenvector corre-
sponding to the eigenvalue X, scaled so that dX/dt = 0 is satisfied.

——

tion dynamic interactions between uninfected and i,
fected cells. Numerical simulations of changing pop.
ulation size give us a detailed view of the course of
events during the shift from the pre-treatment to the
treatment equilibrium for a particular set of parame.
ter values. For a broader view of the overall paner
we develop an expression that approximates the time
that will pass before virus growth restarts after tre.
ment has been inwoduced.

Figure 6 shows two simulations of the shift from the
pre-treatment to the treatment equilibrium. In both
simulations the pattern is the same. After treatmeny
starts, the viral burden falls rapidly and stays low fo,
some time, during which the CD4+ oount slowly re.
covers, After an interval, there is a burst of viral pro.
duction and the CD4 + count falls. With increasing ef.
fective dose z the time taken 10 resurgence of virys
lengthens, and we move from a domain where resur.
gent virus is zidovudine-sensitive (Fig. 6a) 1o a domain
where resusgent virus s zidovudine-resistant (Fig, 6b),
The pattern is the same, however, whether It is sensi.
tive or resistant virus that is resurgent. This is because
that pattern is a natural consequence of the interacting
dynamics of infected and uninfected cells and is there-
fore independent of which type of virus has the fitness
advantage. The viral burden falls to very low levels im-
mediately after treatment. This is because the combi-
nation of a relatively low CD4+ count and the block:
ing of new infections by zidovudine make it very dif-
ficult for new infections to be established. For a time,
therefore, the rate of clearance of infected cells out
strips the rate of production of new ones. It Is not until
the CD4+ count grows large enough to tip this bal:
ance back in favour of producing new infections that
the viral burden starts to rise again.

The very sharp transition in population behaviour
shown by this model is only a crude caricature of ob-
served events (models which acknowiedge more of
the complexity of HIV's life cycle mimic the data more
closely [6]). However, the simplicity of the model's be:
haviour allows us t0 make a useful approximation to
the time that will pass before the viral burden achieves
its pre-treatment fevel under a given effective dose, z

The approximation follows a method desctibed else:
where (17) and, in brief is as follows: we wish to find
an approximation for ¢ such that either Ly(t) = L{0)
(if z<z* and it is sensitive strain that resurges)
or Le(t)= L{0) (if z>2* and it is resistant strain
that resurges). Using dX/dt~ A-pX as an approx
mation for the dynamics of uninfected cells yields
X(O=A/p+ e ~W(X(0)-A/w). Approximating e~ ¥ by
1-pt+ u2#/2 we can make the further approximation:

t
[ Xts) ds ~X(0)t + 2 (A—puX(0))2.
0

v

e —
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Fig. 5. Basic reproductive rates (a) and (c) and equilibrium virus populations (b) and (d) at different doses of zidovudine. Parameter values
are as in Table 1 with a = 35.96, yielding p.=0.78. In @@ and {b), p = 0.3333 so p <p, and 2* <z¢g <zcg; resistant strains out-compete
sensitive strains before either is eradicated. In ic) and (d), p = 0.9 so p >p, and therefare z¢q <zc < 2% both strains are eradicated
3t a dose below that at which resistant strains would have out-competed sensitive strains, (b}, —, population size of sensitive strains
that would occur if resistant strains were not present, showing how virus would have been eradicated at effective dose Zcs if mutations

conferring resistance had not occurred.

If 2 < 2* then it is sensitive virus that will resurge, and
vitus dynamics are therefore dominated by sensitive
virus, With resistant visus at very low levels, sensitive
virus dynamics can be described by
dly/de> Q(1-2)BslsX-aLg, with solution

t
LafLs (VL) ~Q(1-2) B, [ X(s)ds ~ar. When

0

Ls(yj = Lg(0), InfLg()/Lg(0)]= 0.

We can therefore find #such that Zy(2) = L{0) by set-
ting the expression for 1n[Lg(tVL{0)] equal 1o zero

t
and, using the approximation for [ X(s)ds, solve for t.
0

We obtain 1=0 or [t~ 2¢/p(Rps =~ 1)(1-2)].
If z >z*

then it is resistant virus that will resurge, and we apply
the same treatment to:

dig it~ A1-pz)PglpX-aly 1o obtain:
(£~ 2[Ryg Rop(1-p2) )/ ((Rps— DRor(1-p2)].

In Fig. 7 the dme taken until virus growth restarts is
plotted against effective dose, z, for two different sets
of parameter values, representing ARC and AIDS pa-
tients. If the effective dose is higher, the time undil vi-
ral growth restarts is tonger, and for a given effective
dose it takes longer for virus growth to restart in ARC
patients than in AIDS patients.

77
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Fig. 6. Numevical simulations of population dynamics during the
shift from the pre-treatment equilibrium to the treatment equilib-
tium, Parameter values are as in Table 1, with & = 35.96, yielding
=075 In {a) 2 = 0.7 <z, s0 it is sensitive virus that resurges,
whilst in (b) z = 0.9 > 2" so it is resistant virus that resurges.

Conclusions

We have presented a hypothesis about why the bene-
fits of zidovudine are shortlived, illustrated this hypo-
thesis through a mathematical model, and character-
ized this model's behaviour. The important result that
emerges is that although resistant strains are observed
after prolonged treatment with zidovudine, it is the
growing supply of uninfected CD4 + cells that causes
the eventual upsurge in viral burden. An important
corollary of this event is that efforts to slow the evo-
lution of resistant strains (for example, by alternating
high and low doses of zidovudine) are poindess. Once
CD4+ counts become high enough, viral growth will
restart. Although this is a somewhat gloomy conclu-
sion, there is a useful insight to be gained. If one con-
cedes thae all that can be achieved with zidovudine is
t0 ‘buy time’, then one should ‘buy’ all the time pos-
sible by giving large doses early on when the virus’s
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Fig. 7. Time taken before virus reachieves its pretreatment le-
vel, Parameter values are as in Table 1 with a = 71.92 in (a) and
a = 35.96 in (b). Thus (a) is drawn with a set of parameter val-
ues representing patients with AlDS-related camplex whilst bl is
drawn with a set of parameter values representing patients with
AIDS. Time it would take for sensitive virus to resurge if anly sen-
sitive virus (——) or resistant virus () were present. The actual
time taken before virus growth restarts will be whichever of these
is the smaller.

basic reproductive rate is still low. This will certainly
lead to the emergence of resistant strains, but the time
taken until virus resurges will be longer than if a lower
dose is given.
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