Tossing a Biased Coin

Michael Mitzenmachér

When we talk about a coin toss, we think of it as unbiased: pritibability one-half it comes up heads,
and with probability one-half it comes up tails. An ideal iadg®d coin might not correctly model a real
coin, which could be biased slightly one way or another. Adilg real life is rarely fair.

This possibility leads us to an interesting mathematicdl @mputational question. Is there some way
we can use a biased coin to efficiently simulate an unbiase® &pecifically, let us start with the following
problem:

Problem 1. Given a biased coin that comes up heads with some probabititgter than one-half and
less than one, can we use it to simulate an unbiased coin toss?

A simple solution, attributed to von Neumann, makes use ofragtry. Let us flip the coin twice. If it
comes up heads first and tails second, then we call it a 0. ¢hitess up tails first and heads second, then we
call it a 1. If the two flips are the same, we flip twice again, asgkat the process until we have a unbiased
toss. If we define a round to be a pair of flips, it is clear thattine probability of generatingaOora 1 is
the same each round, so we correctly simulate an unbiasad Eor convenience, we will call the 0 or 1
produced by our simulated unbiased coibiawhich is the appropriate term for a computer scientist.

Interestingly enough, this solution works regardless efgitobability that the coin lands heads up, even
if this probability is unknown! This property seems highljvantageous, as we may not know the bias of a
coin ahead of time.

Now that we have a simulation, let us determine how efficieist i

Problem 2. Let the probability that the coin lands heads uppend the probability that the coin lands
tails up beq =1— p. On average, how many flips does it take to generate a bit ngingNeumann’s
method?

Let us develop a general formula for this problem. If eacbtakes exactly flips, and the probability
of generating a bit each round ésthen the expected number of total flipsatisfies a simple equation. If
we succeed in the first round, we use exadtlilips. If we do not, then we have flipped the cdirtimes,
and because it is as though we have to start over from the fiagiagainthe expected remaining number
of flips is still t. Hencet satisfies

t=ef+(1—e)(f+t).

or, after simplifying
t="f/e

Using von Neumann'’s strategy, each round requires two fBash a O and a 1 are each generated with
probability pg, so a round successfully generates a bit with probabilgg. Hence the average number of
flips required to generate a bit fge=2/2pq= 1/pqg. For example, whep = 2/3, we require on average
9/2 flips.

We now know how efficient von Neumann’s initial solution isutBoerhaps there are more efficient
solutions? First let us consider the problem for a specifdability p.
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Figure 1: The Multi-Level Strategy.

Problem 3. Suppose we know that we have a biased coin that comes up héhgsobability p=2/3.
Can we generate a bit more efficiently than by von Neumannthod®

We can do better whep = 2/3 by matching up the possible outcomes a bit more carefulfyair let
us flip the coin twice each round, but now we call it a O if two ¢i®@ome up, while we call it a 1 if the
tosses come up different. Then we generate a 0 and a 1 eachraiithbility 4/9 each round, instead of the
2/9 using von Neumann’s method. Plugging into our formulatferf /e, we usef = 2 flips per round and
the probabilitye of finishing each round is/®. Hence the average number of coin flips before generating a
bit drops to 94.

Of course, we made strong use of the fact thatas 2/3 to obtain this solution. But now that we know
that more efficient solutions might be possible, we can lawkniethods that work for anp. It would
be particularly nice to have a solution that, like von Neunigmethod, does not require us to kngan
advance.

Problem 4. Improve the efficiency of generating a bit by consideringfitet four biased flips (instead
of just the first two).

Consider a sequence of four flips. If the first pair of flips ar@ idr T H, or the first pair of flips are
the same but the second pair are H T or T H, then we use von Netsmaethod. We can improve things,
however, by pairing up the sequences HH T T and T T H H; if the $esjuence appears we call ita 0, and
if the second sequence appears we call it a 1. That is, if baitis pf flips are the same, but the pairs are
different, then we can again decide using von Neumann'’s ade#xcept that we consider the order of the
pairs of flips (Note that our formula for the average number of flips no Emapplies, since we might end
in the middle of our round of four flips.)

Once we have this idea, it seems natural to extend it furthgicture here helps— see Figure 1. Let us
call each flip of the actual coin a Level O flip. If Level O flipg2 1 and 3 are different, then we can use the
order (heads-tails or tails-head) to obtain a bit. (Thisug yon Neumann’s method again.) If the two flips
are the same, however, then we will think of them as providiagvith what we shall call a Level 1 flip. If
Level 1 flips 4 — 1 and 3 are different, again this gives us a bit. But if not, we canit$e get a Level 2
flip, and so on. We will call this the Multi-Level strategy.

Problem 5a. What is the probability we have not obtained a bit after fiijgpa biased coin'2times
using the Multi-Level strategy?

Problem 5b (HARD!). What is the probability we have not obtained a bteaflipping a biased coid
times using the Multi-Level strategy??

Problem 5¢ (HARDEST!). How many biased flips does one need on average before olgant
using the Multi-Level strategy?

For the first question, note that the only way the Multi-Lesthtegy will not produce a bit aftek2
tosses is if all the flips have been the same. This happengvatability p2k + qzk.

Using this, let us now determine the probability the Mulével strategy fails to produce a bit in the



first ¢ bits, wherel is even. (The process never ends on an odd flip!) Supposé thats + 2k . 2k,
whereky > ko > ... > k. First, the Multi-Level strategy must last the firdt 2lips, and we have already
determined the probability that this happens. Next, thegse must last the next22flips. For this to
happen, all of the next2flips have to be the samut they do not have to be the same as the 2itstlips.
Similarly, each of the next'2 flips have to be the same, and so on. Hence the probabilitytajererating
a bitin/ flips is
75 + )
I
Given the probability that the Multi-Level strategy remsrat least flips, calculating the average num-
ber of flipst, before the Multi-Level strategy produces a bit still re@sirsome work. LeP(¢) be the
probability that the Multi-Level strategy takes exadtlflips to produce a bit, and 1€(¢) be the probability
that the Multi-Level strategy takes more théflips. Of courseP(¢) = 0 unless/ is even, since we cannot
end with an odd number of flips! Also, fdreven it is clear thamP(¢) = Q(¢ —2) — Q(¢), since the right
hand side is just the probability that the Multi-Level stgy taked flips. Finally, we previously found that
Q(f) = 4 (P*" + ") above.
The average number of flips is, by definition,

to = P)-¢
KZZ.%VG”

We change this into a formula with the valu@gé(), since we already know how to calculate them.

t, = P(() ¢
zzz,;even

= 0—2)-Q(L))-¢
m;e (Q(f—=2)-Q(0))

ven

Now we use a standard “telescoping sum” trick; we re-write $lam by looking at the coefficient of each

Q(0).
= P)-¢
tz zzz,;even @
=, z;e (Q¢—=2)—-Q(¢))-¢

ven

- O(+2—1
m;e Q) (¢ +2—1)

ven
= 2 QU
zgo.;even ( )

This gives an expression for the average number of biasezl\lgoneed to generate a bit. It turns out
this sum can be simplified somewhat, as using the expressid)(f) above we have

2 Q) =2[1(1+p* +).
zzo;even |!;|1

Up to this point, we have tried to obtain just a single bit gsiur biased coin. Instead, we may want to
obtain several bits. For example, a computer scientist tmghd a collection of bits to apply a randomized
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Figure 2. The Advanced Multi-Level Strategy. Each sequegemerates two further sequences. Bits are
generated by applying von Neumann'’s rule to the sequencasnie fixed order.

algorithm, but the only source of randomness available triigha biased coin. We can obtain a sequence
of bits with the Multi-Level strategy in the following way: elip the biased coin a large number of times.
Then we run through each of the levels, producing a bit fohdeads-tails or tails-heads pair. This works,
but there is still more we can do if we are careful.

Problem 6. Improve upon the Multi-Level strategy for obtaining biterin a string of biased coin flips.
Hint: consider recording whether each pair of flips providdst via von Neumann’s method or not.

The Multi-Level strategy does not take advantage/béneach level provides us with a bit. For example,
in the Multi-Level strategy, the sequences HHH T and H T H Hdpicee the same single bit. However,
since these two sequences occur with the same probabilitgan pair up these two sequences to provide
us with a second bit; if the first sequence comes up, we cantfidea 0, and if the second comes up, we
can consider ita 1.

To extract this extra randomness, we expand the Multi-Letgltegy to the Advanced Multi-Level
strategy. Recall that in the Multi-Level strategy, we usaxbel O flips to generate a sequence of Level 1
flips. In the Advanced Multi-Level strategy, we determin@tsequences from Level 0. The first sequence
we extract will be Level 1 from the Multi-Level Strategy. Rbie second sequence, which we will call Level
A, flip j records whether flips 2— 1 and J are the same or different in Level 0. If the flips are different
then the flip in Level A will be tails, and otherwise it will beelads. (See Figure 2.) Of course, we can repeat
this process, so from each of both Level 1 and Level A, we camwgeaew sequences, and so on. To extract
a sequence of bits, we go through all these sequences in aofitedand use von Neumann’s method.



How good is the Advanced Mult-Level Strategy? It turns ouwtttitis essentially as good as you can
possibly get. This is somewhat difficult to prove, but we cesvjale a rough sketch of the argument.

LetA(p) be the average number of bits produced for each biased flignwie coin comes us heads with
probability p. For convenience, we think of ths average over an infinite memof flips, so that we don't
have to worry about things like the fact that if we end on an fiighdl it cannot help us. We first determine
an equation that describégp).

Consider a consecutive pair of flips. First, with probabipgwe get HT or T H, and hence get out
one bit. So on average von Neumann'’s trick alone yiglgbits per biased flip. Second, for every two flips,
we always get a single corresponding flip for Level A. Redadittwe call a flip on Level A heads if the two
flips on Level 0 are the same and tails if the two flips are differ Hence for Level A, a flip is heads with
probability p? + ¢?. This means that for every two flips on Level 0, we get one fligLewel A, with a coin
that has a different bias— it is heads with probabiid~ g?. So for every two biased Level O flips, we get
(on averageA(p? + o) bits from Level A. Finally, we get a flip for Level 1 wheneveettwo flips are the
same. This happens with probabilipf + ¢?. In this case, the flip at the next level is heads with prolitgbil
p?/(p? +9?). So on average each two Level O flips yielg® + ¢°) Level 1 flips, where the Level 1 flips
again have a different bias, and thus yiglgh?/(p? + ¢?)) bits on average. Putting this all together yields:

12 2 1 5 5 p?
A(P) = pa+ SA(P"+97) +5(P"+4 )A<p2+q2> :

Problem 7. What isA(1/2)?

Plugging in yieldsA(1/2) = 1/4+ A(1/2)/2+ A(1/2) /4, and hencé\(1/2) = 1. Note thatA(1/2) is
the average number of bits we obtain per flip when we flip a duwit ¢omes up heads with probability2L
This result is somewhat surprising: it says the AdvancedtiMugvel strategy extracts (on average, as the
number of flips goes to infinity) 1 bit per flip of an unbiasedgand this is clearly the best possible! This
gives some evidence that the Advanced Multi-Level strateglping as well as can be done.

You may wish to think about it to convince yourself there isatber randomness lying around that
we are not taking advantage of. Proving that the AdvancediMal/el strategy is optimal is, as we have
said, rather difficult. (See the paper “Iterating von NeunisufProcedure” by Yuval Peres, ithe Annals
of Statistics 1992, pp. 590-597.) It helps to know the average rate thatowd ever hope to extract bits
using a biased coin that comes up heads with probakplignd tails with probabilityg=1— p. It turns
out the correct answer is given by the entropy functibfp) = —plog, p—qlog,q. (NoteH(1/2) = 1; see
Figure 3.) We will not even attempt to explain this here; mabtanced probability books explain entropy
and the entropy function. Given the entropy function, hoevewe may check that our recurrence fip)
is satisfied byA(p) = H(p).

Problem 8. Verify that A(p) = H(p) satisfies the recurrence above.

This derivation itself is non-trivial! Let us plug iA(p) = H(p) on the right hand side of the recurrence
and simplify. First,

(1-p*— ) logy(1 - p* — )

1 1 1
EH(p2+q2) = —§(p2+q2)logz(p2+q2)— 5

1
= —Q(lo2 +0?)log,(p? + ¢?) — pglog,(2pa)

1
= —§(p2+q2)logz(p2+q2) — pg— palog, p— palog,q,
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Figure 3: A Graph of the Entropi (p) vs p.

where we have used the fact that p? — ¢? = 2pg. Second,
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1 1 1 1
= -5 p?log, p* + > p?log,(p* + o?) — éqzlogzq2 + §q2|092(p2 +)

1
= —p’log, p—0log,q-+ 5 (p* + ) logy(p® + o)
Now the right hand side simplifies dramatically:

2
")

1
e pg— >(p*+q?)log,(p? + o) — pg— pglog, p— palog, q

2

1 1
Pa-+ SA( p*+ ) + §(p2 +?)A(

1
—p2I092p—qzlogztw§(p2+q2)logzp2+q2
= —pglog, p— pqlog,q— p*log, p— ¢?log, q
= —p(p+0)log, p—a(p-+a)log,q
= —plog, p—qlog,q
= H(p)

Notice that we used the fact thptt- q = 1 in the third line from the bottom. As the right hand side
simplifies toH (p), the functionH (p) satisfies the recurrence f&(p).

We hope this introduction to biased coins leads you to moestipns about randomness and how to use
it. Now, how do you simulate an unbiased die with a biased.die.



