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SUMMARY
Hybrid MonteCarlo(HMC) hasbeensuccessfullyappliedto molecularsimula-
tion problemssinceits introductionin the late1980s.Its usein Bayesiancom-
putation,however, is relatively recentandrare(Neal 1996). In this article, we
investigatestatisticalmodelsin which HMC shows anedgeover themorestan-
dard Monte Carlo techniquessuchas the Metropolis algorithmand the Gibbs
sampler. Themodelsunderinvestigationincludetheindirectobservationmodel,
nonlinearstate-spacemodelandnon-linearrandom-effectsmodel.We alsopro-
posetwo methods,themulti-pointmethodandparalleltempering,for improving
HMC'sef�ciency.

Keywords: HYBRID MONTE CARLO; MARKOV CHAIN MONTE CARLO; MULTIPLE-
POINT; PARALLEL TEMPERING; INDIRECT OBSERVATION; STOCHASTIC VOLATILITY ;
NONLINEAR RANDOM-EFFECTSMODEL; BAYESIAN COMPUTATION.

1. MOTIVATING PROBLEM
Hybrid MonteCarlo(HMC) as�rst introducedby Duaneet al. (1987)is a Markov chain
MonteCarlo(MCMC) techniquebuilt uponthebasicprincipleof Hamiltonianmechanics.
Its applicationsin molecularsimulationhave attractedmuchinterestfrom researchers.Its
potentialin Bayesiancomputation,however, hasnot beenfully explored.We show in this
articlethatHMC canbeveryeffectivemeansfor exploringcomplex posteriordistributions.

To motivateour investigation,considerthefollowing indirectobservationmodel.Let
�

be a parametervectorandlet ��� be a vectorof randomvariableswhosedistribution is
completelyknown given

�

. Supposeweobserveonly � , where
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andthefunctionalform of �
	��

�

is known,whereas�
� is notdirectlyobservable.Of interest

is the Bayesianinferenceon the parametervector
�

. Sincethe analyticalcomputation
of the likelihoodfunction of

�

is generallyinfeasible(when � is complex), the standard
maximumlikelihoodestimationmethodcannotbeapplied.We overcomethisdif�culty by
formulatinganew modelwhichcanbeviewedasa“contaminatedversion"of (1):
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, 
 is theidentitymatrixand � is a tuningparametercontrolledby the
user. Treatingtheproblemasausualmissing-dataproblem,wewrite the“pseudo-posterior
distribution” of � and

�

asfollows:
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where �


 representsthe densityfunction of the model (2) and � � is the prior for
�

. It
canbeshown thatundermild conditions,the“pseudo-posterior”of

�

convergesto its true
posterioralmostsurelyas �	����� .

However, producingsatisfactoryMonteCarlosamplesfrom (3) is noteasyto achieve
either. Although a MCMC proceduresuchas the Metropolis algorithm (Metropolis et
al. 1953) might be applicable,the randomwalk natureof the algorithm makes it very
inef�cient to exploretheposteriordistributionde�nedby (3). For instance,in thefollowing
trivial example �

�
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thesamplesfrom the“pseudo-posterior”(3),when � is small,lie in thevicinity of thecurve
� �

�

�

, asdisplayedin Figure1. When � ���� �"! , for example,it needsmany iterations
for a Metropolissamplerto traversetheentirebanana-shapedvalley depictedin the�gure
andthesituationbecomesworseas � decreases.In contrast,HMC canfollow thedynamics
of thisdistribution ratherwell.
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Figure1. Thecontourplotsof density��#
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The remainderof this paperis organizedas follows. Section2 reviews brie�y the
generalHMC procedure.Section3 describestwo improvementmethods.Section4 stud-
ies someexamplesandcomparesHMC with someotherMCMC approaches.Section5
concludeswith abrief discussion.
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2. HYBRID MONTE CARLO
Supposewe wish to draw Monte Carlosamplesfrom �

	��

� �������	��
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, where ���
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. In physicscontexts, � canbe regardedasa positionvectorand
�

	��

�

the
potentialenergy function. We introducea �ctitious “momentumvector” � � 	��

�
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andthe correspondingkinetic energy ��	��
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� , where �

� representsthe
“mass”of component andwewrite ! � 	
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. Thetotal energy is then
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Clearly, if wecansample	�� 
%�

�

from thedistribution �
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, thenthe
marginaldistributionof � is exactly thetargetdistribution �

	��

�

.
On the otherhand,if a physicalsystemunderconsiderationconservesthe total en-

ergy (i.e.
"

remainsasa constant),thenits evolution dynamicscanbe describedby the
Hamiltonianequationswhicharederivedby differentiating(4) with respectto � and � :
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Becausethe Hamiltoniandynamicsare time-reversible,volume-preserving,and energy-
preserving,the resultingmovesleave �

	�� 
%�

�

invariant. That is, if 	��.-

�)/


%�0-

�)/

���

� , then
aftertheconservedsystemevolvesfor time 1 , thenew con�gurationat time 1 , 	��0-32

/


#�.-32

/

�

,
alsofollowsdistribution � .

In practice,theHamiltoniandynamicsis oftenapproximatedby adiscretizedversion,
calledthetheleapfrog algorithm, with a smalltime step-size4 :
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wheretheratio betweentwo vectorsis operatedcomponent-wise.Althougheachleapfrog
moveremainstime-reversibleandvolume-preserving,it no longerkeeps

"

constant.Du-
aneet al. (1987)suggestedto usetheMetropolisrule to correctthis discrepancy. Suppose
the con�guration at the 8 -th iterationof HMC is 	��:9 
%�;9

�

. The next stateis obtainedas
follows:

1. Generatea new momentumvector � from the Gaussiandistribution �

	��

� �

�'���	�(


� 	��

�)�

;

2. Runtheleapfrogalgorithm(or any time-reversibleandvolume-preservingalgo-
rithm) for < stepsto reacha new con�gurationin thephasespace,	��5= 
%�;=

�

;

3. Let 	��
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with theremainingprobability.

The successof the methodstemsfrom the fact that the exploration of the phasespace
is driven by basicphysicslaws. SeeNeal (1996) for a detailedreview of HMC and its
applicationto neuralnetwork training.
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3. IMPROVEMENTSON HMC

3.1.Multiple-pointMethod

ThebasicHMC considersonly theendingstateof an < -stepleapfrogtrajectoryasa can-
didatecon�guration. This makestheacceptanceprobabilityvery low whenthestep-size4

is large. Neal (1994)presenteda window methodto increasetheacceptancerateby con-
sideringwindows of statesat bothendsof a trajectory. We proposea multi-point method
whichapproachestheproblemfrom a differentangle.

Supposeat iteration 8 thecon�guration is � -
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in thephasespace.Start-
ing from state �0-

� /

, we run < leapfrogstepsto obtain � -
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where 


�

is a weightingfactorgiven in advanceby the user. Reasonablechoicesof 


�

include � � and ������� , bothgiving higherweightsto statescloserto theendof a trajectory.
Supposethe chosenstateis � -

�����

/

. We thenrun � backward leapfrogstepsfrom the
currentstate� -

�)/

, producingstates� -
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. Usingthe“generalized”Metropolis-
Hastingsruleby Liu etal. (2000),we accept� -
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with probability

� �
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with probability �




� . Themulti-point methodis valid in that theabove
dynamicaltransitionssatisfythedetailedbalancecondition.A graphicalillustrationof the
methodis givenin Figure2.
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Figure2. A graphicalview of themultiple-pointHMC method.

3.2.Parallel Tempering

We considertheindirectobservationmodelmentionedin Section1. Whenthecontrolpa-
rameter� is suf�ciently small,theMarkov chainmight oscillatewithin a local region. To
addressthis problem,we incorporateparalleltempering(Geyer 1991)in HMC. Thebasic
ideaof paralleltemperingis to allow thesystemto “exchange”con�gurationscorrespond-
ing to differently“tempered”distributions,enablingthesamplerto explorethephasespace
in a more�e xible way.
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In theindirectobservationmodel,we run � HMC chainsin parallelwith �

���

�

�

�

� � �

�

��� . After a �x ednumber( �

� , for instance)of HMC transitionswithin eachchain,
we choosetwo chains, and � (correspondingto �

� and ��� ), say, at random.Suppose�

�

and ��� arethecurrentstatesof thesetwo HMC chains,respectively. We exchangethem
with probability
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It is easyto show that the joint distribution � 
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is invariantunder
this exchangeoperation.Thus,at theendof theparalleltemperingsimulation,we obtain

� estimates(may be posteriormeansor modes), �
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. A quadratic
function
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canthenbe�tted andtheparameter
�

is estimatedby theestimatedintercept ��

� .

4. NUMERICAL EXAMPLES

4.1UncoupledOscillators

Considera systemof
�

uncoupledoscillators(Neal1994)with thepotentialenergy func-
tion
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FourHMC methods,i.e. thebasicHMC, thewindow HMC of Neal(1996),theunweighted,
andthe weightedmulti-point methods,wereappliedto a ��H � � -dimensionalsystem.The
step-sizeswere sampleduniformly from interval 	�� 
 �

'

�

�������

�

. We comparedthe inte-
gratedautocorrelationtime(IAT), de�ned asthesumof all autocorrelations,andtheCPU
time(in seconds)pereffectivesample(wheretheeffectivesamplesize(ESS)is de�ned as
total samplesize/IAT).

Table 1. Comparisonof four methods:(A) basicHMC, (B) windowHMC, (C)
unweightedmulti-point,and(D) weightedmulti-point.

c=1 A B C D c=2 A B C D

IAT 7.35 8.32 5.04 1.11 11.19 7.31 7.61 3.25
 "!�#

$�%&% 0.82 1.11 0.71 0.15 1.30 0.99 1.11 0.44

From the two realizationsof the algorithmsreportedin Table1, onecanclearly see
thatthetwo multi-pointHMC methodsaresuperiorto theothertwo HMC methods.
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4.2.CompetingRiskModel

Suppose� � 	��

�


 �

�
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follows a bivariateGaussiandistribution with unknown mean
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andunknown covariancematrix � . We observe � �
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. To
draw inferenceon � , we introducean arti�cial Gaussiannoisewith mean� andvariance

� � into themodel:
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We thensample	�� 
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from their joint pseudo-posteriordistributionby usingHMC.
For illustration,wesimulated� � � independentobservationsfrom
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Theprior distributionfor � waschosenas
�

	

�
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�

andthatfor � , aWishartdistribution.
Our �	� takesfour values: � 
  ! 
� � 
 and  � , respectively. We constructedan independent
HMC chainfor each� � . Theparametersof HMC weretunedaccordingto thespeci�c noise
level. A largestep-sizeis alwayspreferredunlessit makestheacceptanceratetoo low. A
rule of thumbis to maintainan acceptancerateof

�

70%. The numberof leapfrogsteps
in eachdynamictransitionis usuallychosento be reasonablylarge so that the trajectory
is long enoughto avoid a randomwalk; on theotherhand,anexcessively largenumberof
leapfrogstepsmight be wastefulandalsorequiresmoreevaluationsof thederivativesof
theHamiltonian.

Table2 displaysthenumbersof leapfrogsteps< andthecorrespondingstep-sizes4

for different �

� . As canbe seenfrom the table,a larger step-sizeis often followed by a
larger � � . We alsoobserved that for small �	� , the autocorrelationswerevery high even
whena relatively largenumberof leapfrogtransitionswerecarriedout. This slow-mixing
problemcanbealleviatedby paralleltempering.

Table 2. Tuningparameters for HMC in 4.2.

� � �  !  �  �

< $ � H � � � ! �

4  �'$  � �  � �  ��!

Figure3 plots theposteriordensityestimatesandautocorrelationsfor �

�

and �

�

, re-
spectively. It canbe seenfrom the �gure that theposteriordistribution for �

�

hasa high
modenear12 anda low and�at modenear8. This is in factdueto thenatureof theprob-
lem: with theinformationathandonecannotobtainaconsistentestimatorof �

�

evenwith
in�nite numberof observations.Themiddletwo plotsof Figure3 show thattheautocorre-
lationswerestill ratherhighevenwith theaidof paralleltempering.Theseautocorrelations
canbefurtherreducedby usingthemulti-point method,asshown by thebottomtwo plots
of Figure3.
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Figure3. Top plotsfromleft to right: theposteriordensityestimatesfor ��� and
��� ; middleplots: their respectiveautocorrelationsusingHMC; bottomplots:
their respectiveautocorrelationsusingthemultiple-pointmethod.

4.3. StochasticVolatility Model

Thestochasticvolatility modelis anonlinearstate-spacemodelandcanbeconsideredasa
generalizationof thecelebratedBlack-Scholesformula(Hull andWhite 1987). A simple
stochasticvolatility modelhastheform:
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and
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. One can seethat �����
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var	

�

2

�)�

follows an
AR 	��

�

process.Dueto its nonlinearnature,theusualGibbssamplerconvergesextremely
slowly. ShephardandPitt (1997)providedanimprovedMCMC algorithmwhichemploys
a “grouping” techniquebasedonaGaussianapproximationto thelog-likelihood.

We now reportsomepromisingresultsby usingHMC to imputethe statevariables
�

2


#1 � ��
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	� . Our datasetconsistsof daily exchangeratesof Pound/Dollarfrom
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10/1/1981to 6/28/1985(i.e. 946 observations). Let �
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denotethe daily exchangerate
andlet
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for 1 ����
 � � � 
�� . We employedthefollowing strategy in our implementation:

1. Giventhestates,sample� 
 � and
�

from their conditionaldistributions.

2. Given � , � and
�

, imputethestates
�

2


%1 � ��
 � � � 
	� by HMC.

Table3 summarizesthe Bayesianestimatesof � 
�� and
�

obtainedfrom � � 
�� � � it-
erationsin theequilibriumstage.Theposteriordensityestimateandtheautocorrelations
for

�

, which measuresthe persistenceof volatility over periods,aredisplayedin Figure
4. Theseresultsindicatethat theef�ciency of HMC is comparableto thatof themultiple-
move simulationin ShephardandPitt (1997). Sincethe HMC algorithmis applicableto
all thesystemswherethederivativesof thelog-likelihoodfunctionsareavailable,it should
beusefulfor theBayesiananalysisof many othernonlinearandnon-Gaussianstate-space
models.

Table 3. Bayesianestimatesof � , � and
�

in thestochasticvolatility model.

Parameter Mean StdErr Covariance

� .6647 .1237 1.5306e-02 -5.3229e-04 2.9903e-04

� .1428 .0262 -5.3229e-04 6.8651e-04 -1.5714e-04
�

.9815 .0092 2.9903e-04 -1.5714e-04 8.4321e-05
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4.4.NonlinearRandom-EffectsModel

Considerthefollowing model
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�� � �  � � , � is a diagonalmatrix with
diagonalelements � $ 
� �?$ and  � � . A datasetof !�� subjectsis simulatedfrom themodel
with 1

�

�

�

Unif 	 � 
 � �

�

. Only oneobservation(� ��� ) is collectedfor eachsubject.Assume
� � is known. We wish to estimatethemean� andthecovariancematrix � .

Shih(1999)appliedtherejectionGibbs,theindependentMetropolis-Hastingsandthe
random-walk Metropolis algorithmson this model. For comparison,we usedthe same
settingsasthosein Shih (1999). As with Section4.3,we iteratethe following two steps:
(a)draw � and � from theirposteriordistributionsconditionalonthestatevariables

�

�


# �

� 
 � � � 
 ! � ; and (b) draw the statevariables
�

� by HMC conditionalon � and � . Table
4 givesthe IAT, ESS,andthe CPU time (in seconds)per effective samplefor the HMC
method.TheCPU time per effective samplefor the rejectionGibbs,whoseperformance
wasthebestamongthethreeMCMC methodsin Shih(1999),is alsoincludedin Table4
for comparison.

Table 4. Simulationresultsfor therandom-effectsmodel.

Parameter IAT ESS CPUtime / ESS CPUtime / ESS
(HMC) (HMC) (HMC) (rejectionGibbs)

�

�

20 2150 .12 .14

�

�

32 1344 .20 .35

��� 31 1387 .19 .24

5. DISCUSSION

This paperpresentssomeexperimentalresultsfor usingHMC in Bayesiancomputation
andtwo methodsfor improving theperformanceof astandardHMC. Ourexperimentation
with differentHMC methodsfor a systemof uncoupledoscillatorsshows that the multi-
point methodcansigni�cantly improve theef�ciency of a standardHMC. Thenumerical
analysesof the indirectobservationmodel,thenonlinearstate-spacemodel,andthenon-
linearrandom-effectsmodeldemonstratethatHMC canbemoreef�cient thanthestandard
MCMC methodsin theseverynonlinearsituations.

�



Although HMC hasbeenfound useful for Bayesiancomputations,many important
issuesremainopen.For example,how to choosetuningparametersin HMC, e.g.,thestep-
sizeandthenumberof theleapfrogiterations,is still adif�cult problem.A ruleof thumbis
to maintainanacceptancerateof

�

70%.But thereseemsto benocleartheoreticalbasisfor
this rule. Fromournumericalstudies,wealso�nd thattheef�ciency of HMC canoftenbe
improvedsigni�cantly by adjustingthe�ctitious massvariable�

� for  ����
�  � 


�

. This is
equivalentto adoptingdifferentleapfrogstep-sizesalongdifferentdirections.It is intuitive
to choosethe �

� inverselyproportionalto themarginal standarddeviation of � alongthat
direction.But thismaynotbedesirablewhenastrongcorrelationbetweentwo components
of � is present.The multi-point methodrequireseven moretuning: the window size

�

andtheweightingfactor 


�

canbothbeadjustedfreely. How to tunethesenew parameters
to resultin anef�cient multi-pointHMC warrantsfurtherinvestigation.
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